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My specialty is arithmetic geometry, a field that aims to uncov-
er the properties of integers through a geometric perspective.
One of the central concerns of arithmetic geometry is studying
the geometric properties of the shapes defined by equations in
order to understand the integer/rational solutions of those equa-
tions.

An important ingredient in this pursuit is the technique so-
called “mod p reduction”, which means rethinking equations
in “the world of remainders modulo each prime number p”,
yielding shapes that are, in a sense, “shadows cast by primes
p" and contain a wealth of information. However, it is known
that these shadows live in a completely different world from
the original shapes and have significantly different geometric
aspects.

In my study in the Hakubi project, I will investigate the behav-
ior of “mod p reduction” for shapes with interesting symmetries
called irreducible symplectic varieties, using revently devel-
oped theory of geometry in mixed characteristic.

I hope that this study lead us to reveal the nature of “mod p
reduction” for more general varieties, and I also want to apply

these ideas to number theory.

What is arithmetic geometry?

Despite being the most familiar mathematical object, integers
still hold many mysterious open problems. The goal of arith-
metic geometry is to solve these problems using geometric
methods.

For example, let's say we want to know how many triangles
with integer side lengths exist. This problem can be reduced
to finding rational solutions to the equation x"2+y”2=1 by the
well-known Pythagorean theorem. So, how can we determine
rational solutions?

Recall that this equation defines a unit circle. The problem is
then reduced to finding rational points on the unit circle.

By associating each of these points with the slope viewed

from the point (-1,0), which is a rational number, we can
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actually obtain a one-to-one correspondence, completely de-

scribing the set of solutions.

Now, what happens when we consider other shapes besides
circles,

for example, x*3+y”*3=1? What happens when we add more
equations? These questions have led to the development of a

vast and profound theory called arithmetic geometry.

Mod p reduction of varieties

How can we extract arithmetic properties from the geometric
shapes defined by equations like the one we saw earlier?

The point is that their equations have integer/rational coeffi-

cients!
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This allows us to rethink equations in the world of remainders
after dividing by each prime number p. The resulting new
shapes are called the mod p reductions of the original shape,
and they can be thought of as shadows of the original shape
cast by the prime p.

Using these shadows for each prime, we can extract arithme-
tic properties of the shape, which is an important technique in
arithmetic geometry.

Let's consider the curve defined by the equation y"2 = x"3 +

3 as an example. The list of mod p reductions is shown in the

figure 1.
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figure 1

We can see that sharp points appear when p is 2 or 3, while
the curve is smooth for other primes.

Such information is very valuable. For example, it is known
that there are only 784 (finiteness is important) cubic curves
with the same properties (such a result is called a finiteness
result). Enumerating such lists as the one shown above is one

of the main goals of my research.

Irreducible symplectic varieties
Higher-dimensional shapes have much more complicated
structures compared to the one-dimensional case, making
it difficult to study general shapes directly. However, it is
known that shapes with certain flatness can be decomposed
into three types (known as the Beauville-Bogomolov decom-
position): abelian varieties (generalization of cubic curves),
irreducible symplectic varieties (generalization of quartic sur-
faces), and Calabi-Yau varieties (e.g. quintic threefolds).
Among them, the arithmetic of abelian varieties is relatively well
understood and leads to a wealth of applications to number theory.
On the other hand, irreducible symplectic varieties are also
shapes with very deep symmetries and are of great interest in
arithmetic geometry. Figure 2 shows a two-dimensional irre-

ducible symplectic variety, also known as a K3 surface.

figure 2
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Despite their interest, there is still not much progress in the
study of irreducible symplectic varieties.\
My research aims to study the reduction of irreducible sym-

plectic varieties and reveal their arithmetic properties.

Method:Geometry in mixed characteristic
I wanna study mod p reduction using the theory of geometry
in mixed characteristic. Recall that mod p reduction lives in a
completely different world, the world of residues modulo p.
Geometry in mixed charactteristic is one of the unified theo-
ries in geometry that integrates these completely different ge-
ometries, where “mixed” means that various prime numbers
are mixed.

Among them, the minimal model program in mixed charac-
teristic, which has been rapidly developing in recent years, is
very powerful. The minimal model program is a grand theory
originally developed for non-mixed characteristic ordinary
shapes. It is the theory to find “the simplest model” of given
shapes by contracting or replacing superfluous parts of them.
Theories like these are highly compatible with my goal of
classifying mixed characteristic geometries and can be ex-
pected to produce significant results.

However, mixed characteristicization has been very difficult.
The reason is that the concept of “singularity” which is essen-
tial in the development of geometry, had not been formulated
well. However, in recent years, singularities that behave well
in mixed characteristic world and mod p worlds have been
defined, and mixed characteristic geometry has entered a ma-
jor turning point.

In the Hakubi project, I will continue to explore the reduction
of irreducible symplectic varieties while further advancing
the basic theory of mixed characteristic geometry.

Moreover, I hope that this study leads us to attack more gen-
eral shapes such as Calabi-Yau varieties, and I also want to

apply them to number theory such as finiteness problems.
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